ABSTRACT: An analytical model is presented to study the behaviour of propagation of torsional surface waves in initially stressed porous layer, sandwiched between an orthotropic half-space with initial stress and pre-stressed inhomogeneous anisotropic half-space. The boundary surfaces of the layer and halfspaces are taken as corrugated, as well as loosely bonded. The heterogeneity of the lower half-space is due to trigonometric variation in elastic parameters of the pre-stressed inhomogeneous anisotropic medium. Expression for dispersion relation has been obtained in closed form for the present analytical model to observe the effect of undulation parameter, flatness parameter and porosity on the propagation of torsional surface waves. The obtained dispersion relation is found to be in well agreement with classical Love wave equation for a particular case. The cases of ideally smooth interface and welded interface have also been analysed. Numerical example and graphical illustrations are made to demonstrate notable effect of initial stress, wave number, heterogeneity parameter and initial stress on the phase velocity of torsional surface waves.
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LIST OF SYMBOLS
K is the effective bonding parameter; k is the wave number; ς is the pure real number; g 1 (r) is the corrugated boundary surfaces of the porous layer; g 2 (r) is the corrugated boundary surfaces of lower the half-space;
H is the thickness of the layer; A ij are the elastic constants for upper half-space; ν ij are the strain components for the upper half-space; w (1) r , w (1) θ , w (1) z are the components of displacement for the upper half-space; D, F are the rigidity of upper half-space along radial and axial direction; P is the initial stress for the upper half-space; β 1 is the shear wave velocity for the upper half-space; J 1 (kr) is the Bessel's function of first order;
ij are the components of stress for the porous layer; w (2) r , w (2) θ , w (2) z are the components of solid phase displacements for the porous layer; W r , W θ , W z are the components of fluid phase displacements for the porous layer; P 1 is the initial stress for the porous layer; u r , u θ , u z are the rotational components for the porous layer; α ij are the strain components for the porous layer; p f is the pressure in the fluid of porous layer; π is the porosity of the poroelastic layer; ρ rr , ρ rθ , ρ θθ are the mass coefficients; ρ (2) is the density the solid-liquid for the porous layer; p s , p f are the mass densities of the solid and liquid for the porous layer;
N , L are the rigidities of the porous layer, along radial and axial direction;
Q is the porosity parameter for the porous layer; β 2 is the shear wave velocity of porous layer; τ ij are stress components for the lower inhomogeneous anisotropic half-space;
α is the heterogeneity parameter for the lower half-space;
P is the initial stress for the lower half-space; ρ 3 is the density of the lower medium; β 3 is the shear wave velocity for the lower half-space; L , A are the rigidity of the lower half-space along radial and axial direction; Ω 1 is bonding parameter of common interface of upper half-space and intermediate layer;
Ω 2 is the bonding parameter of common interface intermediate layer and lower half-space; κ 1 is the flatness parameter for the intermediate layer;
κ 2 is the flatness parameter for the upper half-space; g 1 (r) = 0 represents plane boundary surface of the upper half-space; g 2 (r) = 0 represents plane boundary surface of the lower half-space.
INTRODUCTION
It is well known fact, that the boundary surface of the Earth is not regular. There are different types of irregularity in shapes and sizes are found inside the Earth. Many authors have studied the boundary surface of the Earth by taking parabolic, hyperbolic and corrugated boundary surface and also some complicated structure in their research works. The propagation of different type's wave inside the Earth is very much affected by these types of irregularity. Selim [1] discussed the static deformation of an irregular initially stressed medium. Seismic waves through a layered half-space with corrugated boundaries were investigated by Zhang and Shinozuka [2] . Chen [3] visualized the reflection/transmission matrices method for solving the generation and propagation of a seismic SH wave in multilayered media with irregular interfaces. Singh and Tomar [4] studied the qP-wave at a corrugated interface, between two dissimilar pre-stressed elastic half-space. Love wave behaviour at a layer medium, bounded by irregular boundary surfaces, is studied by Singh [5] . Apart from these, some problem on the reflection and refraction at corrugated surface is explained by Rayleigh [6] and Asano [7] . The propagation of torsional waves in elastic layered media is highly interested to seismologist and earth science, due to its property of twisting the particle in direction of wave motion. Torsional surface waves in inhomogeneous elastic media was discussed by Vardoulakis [8] . Later on Georgiadis [9] et al. have explained propagation of torsional surface waves in gradient elastic half-space. Vishwakarma et al. [10] have presented the torsional surface wave in a homogeneous crustal layer over a viscoelastic mantle. Torsional surface waves in inhomogeneous elastic media was discussed by Vardoulakis [11] . The propagation of waves in elastic media, related to initial stress, has become interesting in various fields such as construction, retaining structures and embankments. The initial stress is termed as stresses, which exist in an elastic body, without action of some external forces. The motive for considering initial stress in medium is due to many reasons, for example the resulting effect of atmospheric pressure, temperature difference etc. Therefore, it is much delightful to highlight the influence of these initial stress on the propagation of waves. Effect of initial stress on the propagation behaviour of Love waves in a layered piezoelectric structure was presented by Liu [12] et al. Qian et al [13] have discussed propagation of Love waves in a piezoelectric layered structure with initial stresses. Biot [14] has delineated the influence of initial stress on elastic waves. Influence of gravity and initial stress on the Love waves in a transversely isotropic medium was studied by Dey and Chakraborty [15] .
There are some materials, in which mechanical and thermal property are unique, called orthotropic materiels, as wood coled-roll. Orthotropic material exhibits different material properties along three perpendicular axes. Akbarov and Ilhan [16] Torsional Wave Propagation in a Pre-Stressed Structure with Corrugated and ... 51 investigated the dynamics of a system, comprising a pre-stressed orthotropic layer and pre-stressed orthotropic half-plane, under the action of a moving load. The earth model is more likely to be porous and hence, the loose boundaries cannot be ruled out. In fact, this may be a more realistic case. The concept of poroelastic material has been used in various fields of applied science and engineering, such as soil and rock mechanics, hydrogeology, acoustics, filtration, construction engineering, biophysics and material science. In recent past significant works have been carried out in the direction to analyses the propagation of surface waves in anisotropic composites, involving porous medium, few of them are Dai et al. [17, 18] , Ke et al. [19] , Son, Kang [20] . Contributing a bit advance to the state of art of surface wave analysis, Singh and Lakshman [21] have recently pointed out the effect of loosely bonded undulated boundary surfaces of doubly layered half-space on the propagation of torsional type of surface wave. They considered the model comprise of fiber-reinforce, porous and viscoelastic media, such that the porous layer is sandwiched between the rest two. Following the similar methodology, we have extended our effort to highlight the wave behaviour in a more complex mechanical structure, where the porous layer is bonded between orthotropic and heterogeneous isotropic semi-infinite media. Stress, already present in all three media (termed as initial stress), has been considered as the integral part of the structure. A valuable information may be encountered by comparing the result(s) of present paper with that of the article by Singh and Laxman [21] , that the increment in initial stress parameter acting in porous layer decreases the phase velocity of torsional wave in their structure whereas the same parameter, acting in porous layer is found responsible to increase the phase velocity of torsional wave in present paper.
The motive of the present paper is to investigate the behaviour of torsional wave in a corrugated, as well as, loosely bonded poroelastic layer, sandwiched between an orthotropic half-space, under initial stress and pre-stressed inhomogeneous anisotropic half-space. Using the mathematical methods, dispersion relation has been obtained in closed form which specify the dependence of phase velocity over the wave number. Dispersion curves are plotted to highlight the effect of corrugated boundary surfaces, porosity, initial stress, and heterogeneity on the propagation of torsional wave. Notable effect of wave number, undulation parameter, flatness parameter and bonding parameter on the propagation of torsional wave, have been described. Obtained result has been matched with classical Love wave equation, as a particular case of the considered problem.
BASIC HYPOTHESIS
Murty [22, 23] defined a single real bonding parameter to which numerical values can be assigned, corresponding to a given degree of bonding between two half-spaces and particularly, he showed that the acoustic behaviour of ideally smooth and fullybonded interfaces to correspond to values 0 and ∞of the bonding parameter, respectively. Murty carried his study by considering two fundamental assumptions. The first assumption demonstrate, that loosely bonded surface between two elastic halfspace assures the continuity across the interface. The second assumption is that slip at interface is proportional to the local shearing stress, i.e.:
(1)
Shearing stress = K × Slip.
Therefore, vanishing of K (the proportionality constant) corresponds to an ideally smooth interface and an infinitely large value of K corresponds to a welded interface.
The intermediate values of K represent a loosely bonded interface. Moreover, the effective bonding parameter K can be redefined in a more appropriate form (Singh et al. [24] ):
where ς is the pure real number, µ is the rigidity of the lower layer and v, v are displacement components for upper and lower layer. Further, the dimensions on the two sides of Eq. (2) demand that as K occurs there, it cannot be a pure real number. Now we introduced a new real variable Ω, such that:
where c 0 is the phase velocity of wave and β 0 is the shear wave velocity of the layer. Hence:
Therefore, the value of Ω = 0 corresponds to an ideally smooth interface and when Ω = 1, then shearing stress is infinitely large, which represents the interface of medium to be welded.
FORMULATION AND GEOMETRY OF THE PROBLEM
To analyse the present problem geometrically, we have taken cylindrical coordinate system in such a way that origin, o is at the common interface of the layer and the lower half-space, r-axis is along the direction of propagation of torsional wave and z-axis is pointing vertically downward. g 1 (r) and g 2 (r) are continuous functions of To analyse the present problem geometrically, we have taken cylindrical coordinate system in such a way that origin, o is at the common interface of the layer and the lower half-space, r -axis is along the direction of propagation of torsional wave and z -axis is pointing vertically downward. 1 () gr and 2 () gr are continuous functions of independent of  , representing corrugated boundary surfaces of the layer and half-space, as shown in Fig. 1 , H is the thickness of the layer. Nature of these functions is periodic and can be represented in Fourier series expansion, as follows (Asano [7] ):
Orthotropic half-space with initial stress stress(M ) 2 initially stressed porous independent of θ representing corrugated boundary surfaces of the layer and halfspace, as shown in Fig. 1 , H is the thickness of the layer. Nature of these functions is periodic and can be represented in Fourier series expansion, as follows (Asano [7] ):
where g n and g −n are Fourier series expansion coefficients and b is the wave number of corrugated surface, so that wavelength of corrugation is 2π/b, n is the series expansion order. Introducing the constants κ, p n and q n , as follows:
In view of eq. (5), eq. (1) results in:
+ p 3 cos 3br + q 3 sin 3br + · · · p n cos nbr + q n sin nbr + · · · Now, if we consider the above expansion up to first order, then the interface shape can be expressed by only one cosine term, i.e., g = κ cos br, where 2π/b is the wavelength of corrugation and κ is the amplitude of corrugation (known as flatness parameter).
GOVERNING EQUATIONS AND SOLUTION FOR THE UPPER HALF-SPACE
The upper semi-infinite medium is considered as orthotropic medium under initial stress along r-axis. Then the equation of motion under initial stress in the absence of body forced is given by:
where P and ρ 1 is the initial stress and density of the upper orthotropic half-space. The stress-strain relation for the upper orthotropic half-space is:
where χ ij are the stress components, A ij (i, j = r, θ, z) and D, E, F are elastic constant and ν ij are strain components. Now for propagation of torsional surface wave in radial direction and causing displacement in azimuthal direction only, we have considered following components of displacement:
Using eq. (9), the strain-displacements relation for upper half-space are obtained as:
Using eq. (10), in eq. (8), we have non-vanishing stress components are obtained as:
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where D and F are rigidity of the medium along radial and axial direction, respectively. Using eq. (11) in eq. (7), we have only the non-vanishing equation of motion for upper orthotropic half-space with initial stress is given by:
where
is the shear wave velocity for the upper layer.
Now the solution of eq. (12) is assumed as:
Using eq. (13) in eq. (12) we have:
Hence solution of eq. (14) is given by:
where A 1 and B 1 are arbitrary constants. The appropriate solution of eq. (16) in view of condition:
Now using eq. (18), eq. (13) results in:
Eq. (19) is the displacement for upper orthotropic half-space with initial stress.
GOVERNING EQUATIONS AND SOLUTION FOR THE INTERMEDIATE LAYER
Neglecting the viscosity of the liquid and body force, Biot's dynamical equations for porous layer under initial stress P 1 are given by (Biot [25] ):
where ij are the components of stresses, P 1 is the initial stress and (w
are the components of solid phase displacements and fluid phase displacements, respectively.
The rotational components are:
The relation between stress and displacement component are given as:
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The stress acting on the fluid phase may be represented as:
where p f is the pressure in the fluid and π is the porosity of poroelastic layer. The mass coefficients ρ rr , ρ rθ , ρ θθ are related to total mass density of the solid-liquid aggregate (ρ (2) ) and mass densities p s , p f for solid and liquid, respectively by:
eq. (28) shows that as the porosity factor decreases from 1 to 0, i.e., as the volume of pores decreases, the density of the aggregate tends to the density of the solid. It has been shown by Biot that the mass coefficients obey the following inequalities:
For the propagation of torsional surface wave along the radial direction we consider the displacement component in the following form:
In view of eq. (31) non-vanishing strain and rotational components are:
Therefore non-vanishing stresses is given by:
where N and L are rigidity of the medium along radial and axial direction, respectively. Using eqs. (30), (31), (32), (33) and (34) in eqs. (20), (21), (22) and (23), we get:
Eliminating W θ from eqs. (35) and (36), we get:
where (38)
The solution of eq. (37) is assumed as:
Therefore using eq. (39) in eq. (37), then we obtain:
is the shear wave velocity for the porous layer. The solution of eq. (40) is obtained as:
where A 2 and B 2 are arbitrary constants. Therefore, expression of displacement in sandwiched poroelastic layer with corrugated boundary surfaces is given by:
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GOVERNING EQUATIONS AND SOLUTION FOR THE LOWER HALF-SPACE
The lower medium is considered non-homogeneous elastic half-space, hence nonvanishing equation of motion for propagation of torsional surface wave in pre-stressed heterogeneous anisotropic half-space given by:
where ρ 3 is the density of the lower medium, P is the initial stress acting along radial direction in the medium and τ ij is the component of stress in lower elastic half-space. Stress-displacement relations for non-vanishing stresses in heterogeneous anisotropic half-space are as:
where L and A are rigidity along radial and axial direction. Now the heterogeneity in the lower anisotropic half-space is assumed to be:
Now using eqs. (45), (46) in eq. (44), we get:
where H = L − P 2 . Using dimension-less coordinates R = kr and γ = zk + γ 0 , where γ 0 is the constants and k is the wave number, then in eq. (48) we have:
For the propagation of torsional surface wave propagating along the radial direction, we may assume the solution as:
Using eq. (50) in eq. (49), we have:
The Equation:
(52)
is the Bessel's Equation of first kind with solution w 3 = J 1 (r) then above eq. (51) takes the form:
Assuming W 3 = W √ H then eq. (53) can be written as:
Using eq. (47) in eq. (51), it takes the form:
where:
is the shear wave velocity of the lower half-space;
is the non-dimensional initial stress parameter.
Solution of eq. (55) is given by:
(57)
where A 3 and B 3 are arbitrary constants.
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The appropriate solution of eq. (57), in view of condition W (γ) → 0 when γ → ∞, is given by:
Therefore, expression of displacement for lower heterogeneous corrugated prestressed anisotropic half-space is given by:
BOUNDARY CONDITIONS AND DISPERSION RELATION
The boundary conditions for the present problem are given as: Stresses of heterogeneous orthotropic half-space and initial stressed poroelastic layer are equal at z = g 2 (r) − H, which leads the following relation:
where Ω 1 is bonding parameter of common interface of orthotropic half-space and initially stressed poroelastic layer. Stresses of initial stressed poroelastic layer and pre-stressed heterogeneous anisotropic half-space are equal, i.e. z = g 1 (r), which leads the following relation:
where Ω 2 bonding parameter of common interface of initially stressed poroelastic layer and initially stressed heterogeneous anisotropic half-space.
On applying (i) boundary condition, we get:
On applying (ii) boundary condition, we obtain:
On applying (iii) boundary condition, we result in:
On applying (iii) boundary condition, we have:
From eq. (67) and eq. (68), eliminating A 3 we have:
Lδ cos δg 2 (r) cos 2 hαg 2 (r) L (−λ 3 k cosh αg 2 (r) + α sinh αg 2 (r))
Lδ sin δg 2 (r) cos 2 hαg 2 (r) L (−λ 3 k cosh αg 2 (r) + α sinh αg 2 (r)) = 0 .
Eliminating constants from eq. (65), (66) and (69) and applying the necessary and sufficient conditions for the homogeneous algebraic equation, we get dispersion equation for the torsional wave in following form:
Lδ sin δg2(r) cos 2 hαg2(r) L (−λ3k cosh αg2(r) + α sinh αg2(r))
Lδ cos δg2(r) cos 2 hαg2(r) L (−λ3k cosh αg2(r) + α sinh αg2(r)) {cos δ(g1(r) − H)} Torsional Wave Propagation in a Pre-Stressed Structure with Corrugated and ... 63
Lδ cos δg2(r) cos 2 hαg2(r) L (−λ3k cosh αg2(r) + α sinh αg2(r)) = 0 .
For numerical calculation and graphical illustration of present study, we will take velocity Eq. (70) into our account with:
where κ 1 , κ 2 are the flatness parameters of the layer and lower half-space, respectively. Equation (71) represents dispersion relation for torsional surface waves, when initially stressed porous layer with is sandwiched between orthotropic half-space with initial stress and prestressed heterogeneous anisotropic layer, having corrugated boundary surface and both the interfaces are welded in contact.
SPECIAL CASES
Case 2: When uppermost interface and lowermost interface are without corrugation (planner) (i.e., g 1 (r) = 0 andg 1 (r) = 0) and both interfaces are welded in contact (i.e., Ω 1 , Ω 2 → 1), then velocity equation of torsional surface wave (70) reduces to:
Equation (72) highlights the dispersion relation for torsional surface waves, when an initially stressed porous layer, having both the interfaces are planner and welded in contact sandwiched between orthotropic half-space under initial stress and prestressed heterogeneous anisotropic half-space.
Case 3: When uppermost interface and lowermost interface are without corrugation (planner) (i.e., g 1 (r) = 0 and g 1 (r) = 0) and both the interfaces are welded in contact (i.e., Ω 1 , Ω 2 → 1), upper half-space, intermediate layer is without initial stress (i.e., P, P 1 = 0) and lower half-space is also without initial stress (i.e., P = 0) then velocity equation for torsional surface wave (70) reduces to
Equation (73) highlights the dispersion relation for torsional surface waves, when an initial stress free porous layer, having both the interfaces are planer and welded in contact is sandwiched between orthotropic half-space free from initial stress and heterogeneous anisotropic half-space without initial stress.
Case 4: When uppermost interface and lowermost interface are without corrugation (planner) (i.e., g 1 (r) = 0 and g 1 (r) = 0) and both the interfaces are welded in contact Torsional Wave Propagation in a Pre-Stressed Structure with Corrugated and ... 65 (i.e., Ω 1 , Ω 2 → 1), upper half-space, without initial stress and isotropic (i.e., P = 0, M = N = µ 1 ), intermediate layer is without initial stress and non-porous isotropic elastic (i.e., Q → 1, N = L = µ 2 , P = 0) and lower half-space is also without initial stress, homogeneous and isotropic (i.e., P = 0, α = 0, P 0 = L 0 = µ, γ 0 → 0), then velocity equation for torsional surface wave (70) reduces to:
− 1 and
Equation (74) highlights the dispersion relation for torsional surface waves, when an initial stress non-porous, isotropic elastic having both interfaces are planner and welded in contact is sandwiched between isotropic orthotropic half-space free from initial stress and isotropic homogeneous half-space without initial stress.
Case 5: When upper half-space is absent, intermediate layer is without corrugation, initial stress and non-porous isotropic elastic (i.e., Q → 1, N = L = µ 2 , P = 0) and lower half-space is also without initial stress, homogeneous and isotropic (i.e., P = 0, α = 0, P 0 = L 0 = µ, γ 0 → 0), then velocity equation for torsional surface wave (70) reduces to:
which is classical Love equation. Equation (75) describes the dispersion equation for the torsional surface wave, when a homogeneous layer is overlying an isotropic homogeneous half-space, which is validation of classical Love equation.
NUMERICAL CALCULATION AND DISCUSSION
For numerical illustration and graphical interpretation we have taken following data: fig.2 and 3 curves 1 represent the case when the medium is ideally smooth, while curve 2 related to the case when the medium is loosely bonded and curve 3 is associated to the case when the medium is perfectly bonded. Fig.2 explains that when bonding parameter acting in upper half-space is increases the phase velocity of torsional surface wave increases. lower half-space. In Figs 2 and 3 curves 1 represent the case when the medium is ideally smooth, while curve 2 related to the case, when the medium is loosely bonded and curve 3 is associated to the case, when the medium is perfectly bonded. Figure 2 explains that when bonding parameter acting in upper half-space increases, than the phase velocity of torsional surface wave increases. Figure 3 concludes that bonding parameter acting in lower half-space has reverse effect on the phase velocity of torsional surface wave. Figures 4 and 5 highlight the effect of dimensionless phase velocity against dimensionless wave number for different value flatness parameter, acting in upper and lower half-space. In Figs 4 and 5 curves 1 represent the case when the medium is without corrugation, while curves 2 and 3 are related to the case when the medium is corrugated. Figure 4 shows that flatness parameter for the upper half-space has opposing behaviour on the phase velocity of torsional wave. Figure 5 explains that increasing value of lower flatness parameter increases the phase velocity of torsional surface waves. Figure 6 examines the effect of corrugation parameter on the phase velocity of torsional wave. In Fig. 6 we can observe that corrugation parameter associated with corrugated boundary surfaces has adverse effect on the phase velocity of torsional surface waves. Figs 4 and 5 highlight the effect of dimensionless phase velocity against dimensionless wave number for different value flatness parameter acting in upper and lower half-space. In fig.4 and 5 curves 1 represent the case when the medium is without corrugation, while curves 2 and 3are related to the case when the medium is corrugated. we can observe that corrugation parameter associated with corrugated boundary surfaces has adverse effect on the phase velocity of torsional surface waves. Figure 10 shows the effect of porosity parameter (Q) acting in intermediate poroelastic layer on the phase velocity of torsional wave. In Fig. 10 curve 1 manifest the case of boundary surface free from porosity and curve 2, 3 analyze the case when the porosity present in the medium. In Fig. 10 it can be highlighted that porosity parameter has adverse effect on the phase velocity of torsional wave. 
CONCLUSION
The current problem manifest the propagation of torsional wave in initially stressed porous layer, sandwiched between an orthotropic half-space with initial stress and prestrssed inhomogeneous anisotropic half-space. The effect of different parameter, e.g. porosity, heterogeneity, initial stress, flatness parameter, bonding parameter and undulation parameter have been analyzed. Major outcomes is obtained as follows:
1. The dispersion equation for the torsional surface waves, propagating in an initially stresses porous layer, sandwiched between orthotropic half-space with initial stress and pre-stressed inhomogeneous anisotropic half-space obtained in closed form.
2. The phase velocity of torsional surface wave decreases with increases in wave number in all the cases.
3. Bonding parameter for the upper half-space and initial stress associated with porous layer, flatness parameter acting in lower half-space , initial stress related to the lowermost inhomogeneous anisotropic half-space and intermediate porous layer have favouring effect on phase velocity of torsional surface waves.
4. Undulation parameter, flatness parameter associated with upper half-space, bonding parameter for the lower half-space, initial stress acting in uppermost orthotropic half-space and porosity parameter acting in intermediate poroelastic layer have adverse effect on the phase velocity of torsional wave.
5. In isotropic, homogeneous and porous-free case without initial stress, the dispersion relation of the problem matches with the classical Love-wave equation. This shows that the problem is in well agreement to the classical case (problem).
The velocity profile of surface waves are affected by the medium/ layers through which they travel. The Geological studies have established the fact, that in the large span of earth crust a series of rocks may be found over the water reservoirs, which are porous in nature. The results obtained from this study are likely to give better information about the porous layers saturated with oil and water in the crust and upper mantle. The results may be useful for exploration purposes. The considered model is motivated by such geological conditions within the earth. In present paper boundaries of the layers are considered to be non-planner (Corrugated) and loosely in order to make the problem statement close to the real situation. The current study is highly applicable in many projects, technological, scientific and engineering fields such as geophysics, seismology, civil engineering. The obtained results are useful and Torsional Wave Propagation in a Pre-Stressed Structure with Corrugated and ... 73 interesting and actual for researchers dealing with wave propagation in mechanical composite layered structures with complex mechanical properties.
